Introduction
A Stein manifold is a complex manifold biholomorphic to a closed complex submanifold of a complex Euclidean space C N . Stein manifolds of complex dimension one are precisely open Riemann surfaces.
Suppose that X is a Stein manifold. In every class of the cohomology group H 1 (X, C) there is a closed holomorphic 1-form (Theorem 1 in [16] , see also [1, p. 160] and Theorem 2 in [17, p. 208] ). The existence of a holomorphic function f : X → C without critical points, proved by Forstnerič in [4] , implies that in the zero class there is a closed holomorphic 1-form without zeros, namely df . (For the case when X is an open Riemann surface see also [10] .) Our goal in this paper is to show that a closed holomorphic 1-form without zeros can be chosen in every cohomology class. (See also [14] for open Riemann surfaces.) Theorem 1. Let X be a Stein manifold. Every cohomology class in the cohomology group H 1 (X, C) is represented by a closed holomorphic 1-form without zeros.
Note that Theorem 1 is not true for an arbitrary complex manifold X. For example, if X is a compact Riemann surface of genus g then by the Riemann-Roch theorem each closed holomorphic 1-form has precisely 2g − 2 zeros.
Denote by O(X) the algebra of all holomorphic functions on X. A compact set K ⊂ X is said to be O(X)-convex if for any point x ∈ X\K there exists f ∈ O(X) such that |f (x)| > max K |f |.
Theorem 1 is a consequence of the following result.
Theorem 2. Let K ⊂ X be a compact, O(X)-convex subset and θ a closed 1-form on X. Let ω be a closed holomorphic 1-form on a neighborhood U of K, with ω| x = 0 for all x ∈ K, such that C ω = C θ for each closed curve C ⊂ U . Then there exists a closed holomorphic 1-form ω without zeros on X such that [ ω] = [θ] ∈ H 1 (X, C), and there exists a holomorphic injective mapping h in a neighborhood of K, close to the identity, such that ω = h * ω near K.
A closed nowhere vanishing holomorphic 1-form ω on X defines a holomorphic foliation F of codimension 1 with the tangent bundle T F = ker ω. Theorem 2 then gives an approximation theorem for holomorphic nonsingular hypersurface foliations, defined by nonvanishing closed holomorphic 1-forms. The approximation is done by a global foliation F on X such that F and F are conjugate to each other on a neighborhood of K.
Necessary and sufficient conditions for a compact real manifold without boundary to admit a representative without zeros in each class of the de Rham cohomology group have been studied in [15] .
Proof of the main theorems
We only need to prove Theorem 2. It can be assumed that θ in Theorem 2 is a holomorphic 1-form on X (Theorem 1 in [16] ). We show that there exists a closed holomorphic 1-form ω such that ω| x = 0 for all x ∈ X and
Choose a number c ∈ R. Fix a smooth strongly plurisubharmonic Morse exhaustion function ρ : X → R such that ρ < c in K but ρ > c in U c ( [13] , Theorem 5.1.6.). The sublevel sets {ρ ≤ c} are compact and O(X)-convex for all c ∈ R, and for every regular value c of ρ, {ρ < c} is a smooth strongly pseudoconvex domain. We can replace K by {ρ ≤ c} and in the following subsections the notations K and U will be used for other purposes.
Suppose that a closed holomorphic nonvanishing 1-form ω is given in a neighborhood of {ρ ≤ c}, where c is a regular value of ρ, and suppose that ω has the same periods as θ on each closed curve C i ⊂ {ρ ≤ c}. The main step in the proof is a construction of a closed holomorphic nowhere vanishing 1-form ω on a neighborhood of {ρ ≤ c}, which has the same periods as θ, where c > c is also a regular value of ρ. We will obtain a global solution using a limit process.
Our construction requires two distinct arguments depending on whether the interval [c, c] contains a critical value of ρ or not and is similar to the scheme in Section 6. in [4] .
We choose a distance function d on X induced by a smooth Riemannian metric on T X. Suppose that α : V → X is a holomorphic mapping on an open set V in X. We denote ||α − id|| V = sup x∈V d(α(x), x).
We first cite a result which will be needed several times in the proof.
Theorem 3 (Theorem 4.1 in [4] ). Let A and B be compact sets in a complex manifold X such that A ∪ B has a basis of Stein neighborhoods in X and
the following. For every η > 0 there is ε η > 0 such that for each injective holomorphic map γ : C → X with ||γ − id|| e C < ε η there exist injective holomorphic maps α :
The noncritical case
Let A ⊂ A ⊂ X be compact sets in X. If there exists a smooth strongly plurisubharmonic function ρ in an open set Ω ⊃ A\A which has no critical points on Ω and satisfies
we call A a noncritical strongly pseudoconvex extension of A. The set A t = A ∪ {ρ ≤ t} ⊂ X is a smooth strongly pseudoconvex domain in X for each t ∈ [0, 1] and the family smoothly increases from A = A 0 to A = A 1 . A manifold X is said to be a noncritical strongly pseudoconvex extension of A if there is a smooth exhaustion function ρ : X → R such that A = {ρ ≤ 0} and ρ is strongly plurisubharmonic and without critical points on {ρ ≥ 0} = X\intA.
With this notations the noncritical case can be rephrased as follows.
Proposition 4. Let θ be a closed 1-form on a Stein manifold X. Suppose that A ⊂ X is a noncritical strongly pseudoconvex extension of A ⊂ A. Let ω be a closed holomorphic 1-form on a neighborhood of A with ω| x = 0 for all x ∈ A such that C ω = C θ for all closed curves C ⊂ A. Choose ε > 0.
There exists a closed holomorphic 1-form ω on a neighborhood of A, with ω| x = 0 for all x ∈ A, such that C ω = C θ for all closed curves C ⊂ A, and there exists a holomorphic injective mapping α in a neighborhood V of A such that ω = α * ω near A and ||α − id|| V < ε.
Proof. We first introduce the notion of a convex bump. We shall use the same kind of bumps as in [4] and [5] . Denote the coordinates on C n by z = (z 1 , . . . , z n ) where z j = x j + iy j and let
denote the open unit cube. Set P ′ = {z ∈ P : y n = 0}. We say that a compact set B ⊂ X is a convex bump on a compact set A ⊂ X if there exist an open set U ⊂ X containing B, a biholomorphic map ϕ : U → P onto P ⊂ C n and smooth strongly concave functions h, h : P ′ → [−a, a] for some a < 1 such that h ≤ h and h = h near the boundary of P ′ and
Assume that A ⊂ A is a strongly pseudoconvex extension. Applying Lemma 12.3. in [11] we find finitely many compact strongly pseudoconvex
(For similar constructions see also [4] , [6] , [7] , [8] , [9] , [12] .)
The construction breaks into k 0 steps of the same kind. In the k-th step we show how to obtain a holomorphic 1-form ω k+1 with prescribed periods on a neighborhood of A k+1 if we are given ω k on a neighborhood of A k which satisfies
where 
There is a noncritical holomorphic function f in a neighborhood V of
By the above argument such a holomorphic submersion g exists, hence we have the decomposition
2 }. By the above construction the mapping γ : W → X can be chosen to satisfy ||γ − id|| W < ε η and can be then split using Theorem 3 as
Define a holomorphic 1-form ω k+1 by
Clearly ω k+1 is well defined and without zeros. The mapping α k provides a homotopy of curves C and α k (C) for any closed curve C ⊂ A 0 , thus the relation ω k+1 = α * k ω k implies that 1-forms ω k+1 and ω k have the same periods (by Stokes' theorem).
Repeating this step k 0 times we obtain ω = ω k 0 with the required properties in a neighborhood of A = A k 0 satisfying ω = h * ω on A 0 where
With this we have finished the proof of the noncritical case. In the following subsection we treat the critical case.
The critical case
Let p be a critical point of ρ and let k denote the Morse index of p. If k = 0, ρ has a local minimum at p; as c passes ρ(p), a new connected component appears in {ρ < c} (see Lemma 2.3. in [12] ). Hence ω can be trivially extended by taking a differential of any noncritical holomorphic function near p.
From now on we assume k ≥ 1. There is no loss of generality in assuming
In what follows we explain how to obtain a closed nowhere vanishing holomorphic 1-form ω with prescribed periods in a neighborhood of {ρ ≤ +c 0 } provided that a required 1-form ω has already been constructed on a neighborhood of {ρ ≤ −c 0 }.
Denote by P ⊂ C n the open unit polydisc. Using Lemma 2.5 in [12] we may assume that all the critical points of ρ are nice, meaning that there is a neighborhood U ⊂ X of p and a biholomorphic coordinate map ϕ : U → P , with ϕ(p) = 0, such that the function ρ(z) := ρ(ϕ −1 (z)) is given by
where µ j ≥ 1 for all j and µ j > 1 when 1 ≤ j ≤ k. Denote the smallest of the numbers µ 1 , . . . , µ k by µ.
is a k-dimensional core of a handle attached from the outside to {ρ ≤ −c 0 }. Such cores were used in [4] . The handles introduced in [12] could have been used as well, but the first aproach has been chosen for it will be used in the proof of a more general result in Section 3.
By the noncritical case we may assume that ω is given on {ρ < −c/2}. Define a smaller k-dimensional handle E ⊂ E 0 by the condition
Note that bE is a (k − 1)-sphere contained in {ρ = −c}. When k ≥ 3 we have π 1 (bE) = 0, hence Γ θ = 0 for any closed curve Γ ⊂ bE. When k = 2, bE is a circle bounding the 2-disc E and hence bE ω = bE θ = E dθ = 0. In both cases we conclude that there exist a neighborhood V of bE in {ρ ≤ − c 2 } and a holomorphic submersion f : V → C such that ω = df on V .
By Lemma 6.4. in [4] there is a constant c ′ ∈ ( of the extension f has complex rank q at each point of E. Inspection of the proof shows that c ′ can be chosen arbitrarily close to c, hence we may assume that
is strictly plurisubharmonic in a neighborhood of E and provides a family of pseudoconvex neighborhoods of E. Fix a compact pseudoconvex set L such that E ⊂ L ⊂ U and L ∩ {ρ ≤ −c ′ } ⊂ V . Choose c ′′ ∈ (c ′ , c) and denote K = (L ∩ {ρ ≤ −c ′′ }) ∪ E. Lemma 6.6. in [4] gives for every δ > 0 an open neighborhood V ′ ⊂ X of the set K and a holomorphic submersion g : V ′ → C such that | f − g| K < δ, |d f − dg| E < δ. Here |f | K is the uniform norm of f on K and |df | E is the norm of its differential on E, measured in a fixed Hermitean metric on T X.
As in the noncritical case we shall use g to define a holomorphic 1-form on a larger domain. The main difference is that this larger domain is not a sublevel set with some convex bumps but a sublevel set of a new strongly plurisubharmonic function τ .
Lemma 5 (Lemma 6.7. in [4] ). There exists a smooth strongly plurisubharmonic function τ on {ρ < 3c 0 } ⊂ X which has no critical values in (0, 3c 0 ) ⊂ R and satisfies Choose a small number µ > 0. Let L ′ be a compact pseudoconvex set such that E ⊂ L ′ ⊂ intL and let
Note that A ∪ B = {τ ≤ t} and
Taking µ small enough, we have A\B ∩ B\A = ∅. By Lemma 5.1. in [4] we obtain positive constants ε 0 , M and an open neighborhood W ′ ⊂ W of A ∩ B such that the following holds. For any ε ′ ∈ (0, ε 0 ) and a holomorphic submersion g : W → C with sup x∈W |f (x) − g(x)| < ε ′ there is an injective holomorphic map γ :
The submersion g is provided by the argument above for δ < ε 0 . Additionally, to split γ using Theorem 3 and obtain an estimate ||α − id|| A ′ < ε 2 , we take η = ε 2 and choose δ > 0 so small that δ · 2M < ε η . Note that C coresponds to W ′ . Thus Theorem 3 gives injective holomorphic maps α and β mapping from neighborhoods A ′ of A, respectively B ′ of B, into X such that
Finally define
Note that ω ′ is given on a neighborhood of {τ ≤ t} and by the noncritical case (Proposition 4) we further obtain ω on a neighborhood of {τ ≤ 2c 0 } ⊃ {ρ ≤ c 0 } as desired.
It remains to construct ω when k = 1. There are two possibilities:
(1) the core of a handle E 0 connects two components of {ρ ≤ −c 0 }, (2) the core of a handle E 0 is a part of a new closed curve in the group
When the situation is as in (1), ω can be constructed as above. The possibility (2) requires some additional effort. We can choose a new curve C 0 in such a way that E 0 ⊂ C 0 and C 0 \E 0 ⊂ {ρ ≤ −c 0 }. The construction of ω is similar as in the case k ≥ 2, so to obtain ω = h * ω, the additional requirement is that C 0 ω = C 0 θ. Since bE consists of two points a and b, we can choose disjoint neighborhoods V a and V b of a and b such that ω| Va = df a and ω|
Applying the construction when k ≥ 2 we get ω = d(g • β) on a neighborhood of E for some noncritical function g. The integral condition implies
In order to find such α and choose the appropriate f , we define a family of maps.
For each t ∈ ∆ ⊂ C let f t be a noncritical function such that
We proceed as in the case k ≥ 2. Using Lemma 6.4. in [4] for a family of functions f t that depend holomorphically on parameter t, we obtain functions f t on ({ρ ≤ c ′ } ∩ V ) ∪ E which smoothly extend f t and its partial derivatives ∂ft ∂z l , and the Jacobian matrices J( f t ) have complex rank 1 at each point of E. We define L and K as before and use Lemma 6.6. in [4] to obtain a family g t : V ′ → C such that
Let A and B be defined as above. Lemma 5.1. in [4] gives maps γ t , holomorphic in t, such that f t = g t • γ t on a neighborhood of K. Define γ(x, t) := (γ t (x), t). By Theorem 4.1. in [4] for sets A × ∆ and B × ∆ we obtain a splitting γ = β • α −1 where the mappings α and β are of the same form as γ, that is α(x, t) = (α t (x), t) and β(x, t) = (β t (x), t). Thus we get a family of 1-forms defined by
We now show that there is a number t ′ ∈ ∆ such that C 0 ω t ′ = C 0 θ. Define
Obviously ψ and ϕ are holomorphic and for a fixed s < 1, s close to 1, we have |ϕ(t) − ψ(t)| small for t ∈ b(s∆) and |ϕ(t)| = |t| = s for t ∈ b(s∆),
. By Rouche's theorem ϕ and ψ have the same number of zeros on s∆. Since ϕ(0) = 0, there is a t ′ ∈ s∆ such that ϕ(t ′ ) = 0. The form ω t ′ satisfies all the requirements.
Conclusion
We now finish the proof of Theorem 2 by explaining the global scheme. Denote by p 1 , p 2 , . . . the critical points of ρ in {ρ > c}. Since each critical level set contains a unique critical point we may assume that
We inductively choose a sequence of real numbers c 0 < c 1 < c 2 < . . .
By choosing c j−1 sufficiently close to ρ(p j ) it can be achieved for each j = 1, 2, . . . that ρ(p j ) + 3d j < ρ(p j+1 ). We may also require c j > ρ(p j ) + 3d j and c 0 > c. Define a new sequence
where k = 0, 1, 2, . . . . If there are only finitely many critical points, choose the remainder of this sequence arbitrarily with lim j→∞ c j = ∞.
In the j-th stage of construction we assume inductively that we have a nonvanishing holomorphic 1-form ω j in a neighborhood of {ρ ≤ c j }, a holomorphic injective mapping α j on a neighborhood of {ρ ≤ c j−1 } and a number ε j < ε j−1 which satisfy the following:
(1) C ω j = C θ for each closed curve C ⊂ {ρ ≤ c j }, (2) ω j = α * j ω j−1 and ||α j − id|| < ε j−1 on a domain of α j ,
for all x, y ∈ {ρ ≤ c j−1 } the condition d(x, y) < ε j implies
for each number k ∈ {1, 2, . . . , j}.
Since {ρ ≤ c 0 } is a noncritical strongly pseudoconvex extension of {ρ ≤ c}, Proposition 4 provides a closed holomorphic 1-form ω 0 on a neighborhood of {ρ ≤ c 0 } such that ω 0 = α * 0 ω on a neighborhood of {ρ ≤ c}, where ||α 0 −id|| < ε 2 . Choose ε 0 such that for every x, y ∈ {ρ ≤ c} with d(x, y) < ε 0 it follows that ||α 0 (x) − α 0 (y)|| < ε 2 . We now explain how to obtain ω j+1 . If there is no critical value on the interval [c j , c j+1 ], we use Proposition 4 to get ω j+1 and α j+1 which satisfy
and
Now suppose that the interval [c j , c j+1 ] contains a critical value. The construction in subsection 2.2 provides ω j+1 and α j+1 for which statements (1) and (2) hold. In both cases, we may (by uniform continuity) choose ε j+1 < ε j in such a way that d(x, y) < ε j+1 implies
for all x, y ∈ {ρ ≤ c j } and for each number k ∈ {1, 2, . . . , j + 1}. Define a global 1-form ω as a limit ω = lim j→∞ ω j . It remains to show that the sequence converges and ω satisfies the stated properties. Let K be an arbitrary compact set in X. There is an index j such that K ⊂ {ρ ≤ c j−1 }. Since ω| K = lim k≥j ω j | K , we have
To see that h j is holomorphic, first choose any δ > 0. There is an index k such that 2 j+k−1 · δ > ε. For any positive integer l we have
Since by (2) we have ||α j+k+s+1 − id|| K < ε j+k+s , the condition (3) implies that
2 j+k−1 δ 2 j+k+s < δ for any positive integer l. Since each α k is injective, it follows by chosing the norms precise enough that h j is holomorphic and injective. Therefore ω is a closed holomorphic 1-form on X that is without zeros. For any closed curve C ⊂ K we have
by Stokes theorem. Since K was chosen arbitrarily, the conclusion holds for any closed curve C ⊂ X, which implies that ω is in the same cohomology class as θ.
Linearly independent 1-forms
In this section we prove the following generalization of Theorem 1 and Theorem II in [4] .
Theorem 6. Let X n be a Stein manifold whose holomorphic cotangent bundle T * X admits a trivial complex subbundle of rank q for some 1 ≤ q < n. Given closed 1-forms θ 1 , . . . , θ q on X there exist closed holomorphic 1-forms ω 1 , . . . , ω q satisfying
Remark 7. T * X always contains a trivial subbundle of rank q = [ 
for all x ∈ X. These forms span a trivial subbundle of T * X. We construct pointwise linearly independent holomorphic 1-forms ω 1 , . . . , ω q such that [ω j ] = [θ j ] ∈ H 1 (X, C) for each j = 1, . . . , q, where the collection (ω 1 , . . . , ω q ) is homotopic to (ω ′ 1 , . . . , ω ′ q ) through the homotopy of q-tuples of independent sections of T * X. The construction is similar to the proof of Theorem 2 and we briefly illustrate the necessary changes in the noncritical and the critical case.
(I.) The noncritical case. Choose a local representation of a bump as in subsection 2.1 and represent each ω j by a noncritical holomorphic function f j on a neighborhood of K. Approximate a submersion f = (f 1 , . . . , f q ) by a holomorphic submersion g : V ′ → C q , V ′ ⊃ L, using Proposition 3.3. in [4] . By Lemma 5.1. in [4] there is an injective holomorphic map γ : W → X, W ⊂ V ′ , satisfying f = g • γ on W and ||γ − id|| W < ε. Using Theorem 3 we obtain γ = β • α −1 with α and β close to identity. Finally define ω j as
By construction ω j has the same periods as θ j and no zeros. Since
the 1-forms ω 1 , . . . , ω q are pointwise linearly independent.
(II.) The critical case. The pointwise independency of 1-forms ω 1 ,. . ., ω q is invariant under small perturbations, hence there is an ε α > 0 such that the conditions ||α j − id|| A ′ < ε α for j = 1, . . . , q imply that
We finally define
Using Rouché's theorem as at the end of subsection 2.2, we find t j ∈ ∆ in such a way that 
Algebraic example
Due to Forstnerič [4] each Stein manifold X admits a noncritical holomorphic function (for an open Riemann surface see also [10] ). When X ⊂ C N is an affine algebraic manifold, a natural question is whether there exists a holomorphic polynomial P on C N whose restriction to X is noncritical to X. The following counter example was provided by R. Narasimhan (private communication).
Let t ∈ C and let Γ ⊂ C be a lattice of rank two. Let x(t), y(t) be Γ-periodic meromorphic functions (elliptic functions) satisfying an equation
Denote by C the corresponding curve in C 2 .
Proposition 8. For every polynomial P ∈ C[x, y] the restriction P | C : C → C has at least one critical point on C.
Proof. Let p(t) = P (x(t), y(t)) for t ∈ C\Γ. Clearly p and its derivativeṗ are Γ-periodic functions, and all points of the lattice are singularities of the same kind due to periodicity. Since P is a polynomial and x(t), y(t) are meromorphic, they cannot be essential singularities.
Ifṗ is regular at points of Γ, it follows that it is bounded on C and hence constant, thusṗ = c. Hence p(t) = ct + b for some b ∈ C but this function fails to be periodic. Thusṗ must have a pole at every point of Γ and hence 1/ṗ has zeros at these points.
Ifṗ has no zeros on C, it follows that 1/ṗ is a bounded function on C which is a contradiction. This means thatṗ(t 0 ) = 0 for some t 0 ∈ C\Γ, which means that P | C has a critical point at (x(t 0 ), y(t 0 )) ∈ C.
